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Abstract Molecular databases obtained either by combinatorial chemistry tools or
by more traditional methods are usually organized according to a set of molecular
properties. A database may be regarded as a multidimensional collection of points
within a space spanned by the various molecular properties of interest, the property
space. Some properties are likely to be more important than others, those consid-
ered important form the essential dimensions of the molecular database. How many
properties are essential, this depends on the molecular problem addressed, however,
the search in property space is usually limited to a few dimensions. Two types of search
strategies are related either to search by property or search by lead compound.
The first case corresponds to a lattice model, where the search is based on sets of
adjacent blocks, usually hypercubes in property space, whereas lead-based searches
in databases can be regarded as search around a center in property space. A natural
model for lead-based searches involves a hyperspherical model. In this contribution
a theoretical optimum dimension is determined that enhances the effectiveness of
lead-based searches in property space of molecular databases.
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1 Introduction

With the rapid development and advancement of early approaches to combinatorial
chemistry [1–4], molecular databases have experienced spectacular growth in recent
years. Data mining techniques applied to such databases are becoming ever more
important, and rational organization of search methods has acquired special signifi-
cance. Organization of databanks are often accomplished in terms of various molecular
parameters, molecular formulas, or even by sets of typical reactions. In particular, data
entries into molecular databases obtained either by combinatorial chemistry tools or
by more traditional methods are usually organized according to a set of molecular
properties. In a mathematical sense a database may be regarded as a multidimen-
sional collection of points within a space spanned by the various molecular properties
of interest. This space is called the property space; some properties are likely to be
more important than others, and the coordinates according to the former properties
are regarded as those providing the essential dimensions of the molecular database. It
is the molecular problem that determines how many properties are essential, however,
the search in property space is usually limited to a few dimensions. One important
application of molecular databases is in the study of quantitative structure-activity
relations (QSAR).

One should point out a combinatorial chemistry aspect a database construction: due
to the essence of combinatorial chemistry approaches, there exists a particular bias in
the way new entries are made to the databank: the actual synthesis of a large number
of molecules often follows a “controlled randomness”, based on the class of reagents
participating in the combinatorial chemistry process. There are historical reasons for
this. The very first version of combinatorial chemistry, in a form applicable to the com-
binatorial synthesis of large numbers of molecules, was invented by Árpád Furka [1–4]
in 1982. The use of combinatorial approaches to the production of very large numbers
of molecules from specific building blocks has revolutionized synthetic chemistry, but
it also reduced the variety of types as compared to the much slower traditional syn-
thetic methods, where, nevertheless, accidental variations had a much more prominent
role. Furka’s original “portioning—mixing method for the synthesis of combinatorial
libraries” and subsequent variations on the basic combinatorial chemistry principle
were applied primarily to peptides, using individual amino acids as building blocks,
hence the completeness principles were fulfilled to a high degree. However, the com-
binatorial chemistry principles have been generalized and extended to non-peptide
molecules, and the combinatorial methodologies have also been adapted to types of
molecules involving a much broader family of potential building blocks. By having a
much greater variety of building blocks linked up according to various combinatorial
patterns, there are some limitations required to avoid combinatorial explosion, and this
also means the introduction of some biases. Hence, the databases obtained by such
methods show an entry distribution that is far from uniform in property space, and
the local point density of these spaces has an important effect on all data mining and
search strategies.

Although the combinatorial chemistry advances have revolutionized the approaches
used by the pharmaceutical industry for the production of new molecules, this has also
initiated a new approach to database construction as well as data mining, for eventual

123



J Math Chem (2009) 45:1–6 3

selection, tests, and optimization of the pharmacological effectiveness of potential
drug molecules. Database sampling and search methods are an important stage in
such processes.

2 Optimum dimension of property space for lead-based search in QSAR
data-mining

Database searches may follow several strategies, however, two types of rational search
strategies are related either to search by property value or search by lead compound.

The first case corresponds to a lattice model, where various intervals for the val-
ues of the relevant properties are considered, and search is based on sets of adjacent
blocks with edges defined by these intervals, and the blocks usually form sets of joined
hypercubes in property space, much like two-dimensional lattice animals on planar
grids.

On the other hand, lead-based searches in databases can be regarded as search
around a center in property space, where this center is defined by the properties of
the lead compound. The search is focused on the vicinity of the lead compound in
property space, and in this case not a set of property intervals, but a property space
distance from this center is guiding the search. A natural model for lead-based searches
involves a hyperspherical model, with a radius defined in terms of a property space
distance condition.

Whereas both of the above search approaches have advantages, the intuitive eval-
uation of their efficiency may become very highly misleading in higher dimensions.
As it has been pointed out earlier in the context of molecular databases [5], also rele-
vant for electron density databases for combinatorial quantum chemistry [6] and more
general computational database problems [7–15], the “capture rate” of hyperspherical
searches in high dimensions is affected by a counter-intuitive feature of hyperspheres:
in high dimensions the volume of hyperspheres of unit radius become very small as
compared to the multidimensional volume element.

The local point density of entries in QSAR property spaces of databanks is practi-
cally never uniform; based on the traditional chemical information, as well as based
on earlier lead compounds, there are typically local ranges which show much higher
point density than the average density in the relevant part of property space. Hence,
there are necessarily many factors influencing the effectiveness of search strategies,
and the actual variations of local data density may counteract the effectiveness of any
general data search strategy. However, general strategies are still valuable, and for their
overall evaluation and ranking, it is often best to assume a fairly uniform distribution
of data entries.

First we shall briefly review a property of hypersphere sequences in various dimen-
sions, discussed earlier in the context of toxicological databases [5]. One may compare
the dimension dependence of hypersphere volumes, and compare this volume to the
unit volume of hypercubes in each dimension, Essentially, hyperspheres are the tools
of lead-based search methods, whereas search by hypercubes in lattices is a tool of
property-based search methods.
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Fig. 1 The change of the volume β(d) of hyperspheres as a function of dimension d

Two formulas [16,17] are commonly used to calculate the volume β(d) of a sphere
of dimension d. The first such formula is

β(d) = πd/2/�(d/2 + 1) (1)

where the gamma function is given by the integral

�(x) =
∫ 1

0
{ln(1/u)}x−1 du. (2)

The alternative formula is

β(d) = 2int((d+1)/2)π int(d/2)/d!!. (3)

using the int(y) function defined as the integer part of the number y, and the double
factorial d !! of odd only or even only factors.

In Fig. 1 the volume of a hypersphere is plotted as a function of dimension for
dimensions 0–30, noting that this volume converges to zero az dimension d grows to
infinity.

The results for the first few dimensions are well known, however, the most impor-
tant for our purposes are the actual quantities for dimensions between 4 and 7. The
results for the first seven dimensions are given below in concise formula as well as
numerically (for four decimals only):

d = 1, 2, 3, 4, 5, 6, 7,

2, π, (4/3)π, π2/2, 8π2/15, π3/6, 16π2/105,

2.0000, 3.1416, 4.1888, 4.9348, 5.2638, 5.1677, 4.7248,

respectively.
We may note that the volume is maximum in dimension 5, this value of

5.2637890136135. . . is actually only slightly higher than the volume 5.1677127796068
. . . for dimension 6.
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The shape of the distribution of volumes and the presence of a maximum has
implications on lead-based searches in property spaces of molecular databases. If no
additional information is available, it is natural to assume some average point density
of entries in the database within the relevant range of the property space. Since in high
dimensions the hyperspherical volume of unit radius becomes negligible as compared
to the volume of the unit cube (that is by definition equal to 1 in every dimension,
since the hypercube is the volume element), the “capture efficiency” of the hyperspher-
ical approach of lead-based searches becomes reduced, when compared to grid-based
(property-based) searches. In high dimensions the volume of the hypercube has a far
better chance of actually capturing data entries, than the diminishing volume of the
hypersphere.

However, at relatively low dimensions, the unit radius hypersphere captures a larger
volume than the hypercube, and in dimension 5, this volume is maximum. Conse-
quently, if the actual property space where the search is carried out has dimension
5, than the lead-based hyperspherical search is the most effective, assuming uniform
distribution of data entries. Dimension 6 is almost as advantageous than dimension
5, however, hyperspherical search in much higher dimensions become rapidly less
efficient for capturing data points.

Of course, the nature and number of properties which are important for a given
chemical problem are determined by the problem itself. However, by a suitable rank-
ing of the importance of various molecular properties, a hierarchy can be established,
and one should be able to select a low number of “active dimensions” of the search
space with respect to these most important properties. If the dimension of this “active
search space” is 5, then one is able to carry out the hyperspherical, lead-based search
under optimum dimension conditions. Note, however, that dimensions only slightly
different from 5 are still effective for hyperspherical capture of data entries, and the
intuitive idea that a unit sphere has more volume than a unit cube is valid for all low
dimensions, in spite of the fact that this intuitive idea fails in a dramatic way in high
dimensions.

3 Summary

In this contribution a theoretical optimum dimension of the active search space has
been determined that enhances the effectiveness of lead-based searches in property
spaces of molecular databases. In the application of molecular databases in the study
of quantitative structure-activity relations (QSAR), the effective search dimension
usually can be restricted in order to remain near the optimum dimension five. Data-
base approaches have been extended to the ultimate molecular information carriers, to
molecular electron density clouds and their shapes [7–11], and databases of computed
electron density information is used in quantitative shape-activity relations (QShAR),
where effective search methods are also important.
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